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To understand the process of pattern formation in a low-density granular flow, we propose a
simple particle model. This model considers spherical particles moving over an inclined flat surface
based on three forces: gravity as the driving force, repulsive force due to particle collision, and drag
force as the particle– interaction through the ambient fluid. Numerical simulations of this model
are conducted in two different types of two-dimensional planes, i.e., the monolayer was treated. In
the horizontal plane parallel to the slope, particles aggregate at the moving front of the granular
flow; and subsequently, flow instability occurs as a wavy pattern. This flow pattern is caused
by the interparticle interaction arising from the drag force. Additionally, a vortex convection of
particles is formed inside the aggregations. Meanwhile, in the vertical plane on the slope, particle
aggregation is also found at the moving front of the granular flow. The aggregation resembles a
head–tail structure, where the frontal angle against the slope approaches 60◦ from a larger angle
as time progresses. Comparing the numerical result by varying the particle size, the qualitative
dynamics of the granular flow are independent of size. To elucidate this reason, we perform a
nondimensionalization for this model. The result indicates that our model can be simplified to
dimensionless equations with one dimensionless parameter that represents the ratio of the gravity
term to the excluded volume effect.
I. INTRODUCTION
Avalanches in nature are generally regarded as a class
of massive landslide phenomena involving gravity and
density currents. Their typical granular flows include de-
bris flows, pyroclastic flows, snow avalanches, etc. These
flows slide down a slope as a mixture of solid and fluid,
and exhibit various patterns and complicated inner struc-
tures. For instance, powder snow avalanches are divided
into two regions for the structure according to field obser-
vations [1, 2]: dense flow and powder cloud. The former
is formed in the vicinity of a slope, whereas the latter
develops above the dense part. In general, the dense
flow consists of coarse particles or high-density particles
that are packed densely in the flow. Meanwhile, the pow-
der cloud comprises fine particles or low-density particles
that are suspended in the air or liquid. The driving force
of both flows is gravity; however, the resisting force is
different: inner and basal frictions (dense flow) and drag
force (powder cloud). Hence, these resisting forces lead
to a major difference in the structure and dynamics.
A number of laboratory experiments on dense flow
have been performed in physics [3–6] and geophysics [7–
9]. Dense granular flows consisting of monodisperse glass
beads form the fingering pattern at the front and the
streaky structure at the surface [3, 4]; thus, flow insta-
bility occurs. In these flow patterns, the recirculation of
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particles at the front is caused by the velocity profile with
flow height, and granular convection is confirmed inside
the streaky structure. Moreover, polydisperse particles
result in segregation depending on the particle size [5, 6].
Because basal friction is a key factor to understand the
mechanism of dense flow, it is measured in experiments
with snow particles [8]. Numerical models on dense flow
are categorized into two primary types: discrete element
method (: DEM) [10, 11] and continuum model [5, 6, 12–
16]. Particularly, the continuum approximation of granu-
lar matters performs well by utilizing the results of DEM
simulations as the constitutive law of the model. Re-
cently, the granular continuum model is combined with
the governing equation for the fluid, and a two-phase flow
model has been developed for wet granular flows [16].
Meanwhile, experiments on the powder cloud have
been conducted in various materials, situations, and
scales to adjust several dimensionless numbers [17–24].
For the particle Reynolds number Rep, the typical value
of the natural powder cloud in snow avalanches is Rep ≈
3000. This value is higher than that of the experi-
ments (see Ref. [21]); however, polystyrene–air flows with
Rep ≈ 150 can reproduce the cloud pattern except for
particles flown by a turbulent eddy [21–24]. In these ex-
periments, the head–tail structure and the wavy pattern
due to flow instability were formed. Here, the head means
a large dense particle cluster at the moving front of the
granular flow, whereas the tail means the thin layer be-
hind the head. The recirculation of particles occurs at the
head [22, 24], and the direction is opposite to the recir-
culation of dense flow [3]. These dynamics are observed
at the actual-scale granular flow consisting of low-density
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2ping-pong balls (ρp ≈ 11 kg m−3) [19, 20]. Furthermore,
the similar cloud is confirmed at falling particles in a vis-
cous fluid (Rep  1), although the particles do not move
on the slope [25].
Many numerical models and theories on powder cloud
have been developed as a solid–gas two-phase flow
model [18, 26–33] as the particle is affected significantly
by the fluid. This type of model is suitable for the large-
scale dynamics of an actual mountain topography. How-
ever, any experiments on powder cloud use low-density
particles such as polystyrene particles and ping-pong
balls. Hence, a different approach such as the particle-
based model is required to understand the mechanism of
the powder cloud. According to Ref. [19], they developed
a numerical model that coupled between the DEM for the
particles and the Reynolds-averaged Navier–Stokes equa-
tions for the fluid. However, this model could not repro-
duce the flow pattern of the experiments; thus, they sug-
gested considering the strong interaction between each
particle trajectory and the fluid.
In this study, we propose a simple particle model for
the granular flow consisting of low-density particles to
qualitatively understand the pattern formation and each
particle trajectory that interacted with the ambient fluid.
In Section II, we describe the numerical modeling and
subsequently explain the setup of the numerical simula-
tions with the model. In Section III, simulation results
regarding flow pattern and speed are presented. In Sec-
tion IV, the shapes of the flow patterns are discussed.
II. METHOD
A. Concept of model
We propose a simple particle model for low-density
granular flow based on the equation of motion for parti-
cles. Realistically, the granular flow of natural phenom-
ena is affected by many physical factors: gravity, basal
and inner frictions, consolidation, laminar and turbulent
flows, air drag, etc. Thus, the dynamics of granular flow
becomes complex and the understanding of the mecha-
nism becomes difficult. Our model aims to significantly
simplify the complicated behavior of low-density granu-
lar flows interacting with the ambient fluid. Our model is
not realistic yet; however, we aim to reproduce the flow
pattern found in previous experiments with ping-pong
balls and polystyrene particles [20, 22].
In our model, a low-density granular flow slides on a
slope at a steeper angle than the angle of repose (Fig. 1).
This model is based on three basic assumptions for the
simplification of modeling: (i) The granular flow consists
of hard-sphere particles with a low true density. (ii) Only
the translational motion of particles is considered, i.e.,
the rotational motion is ignored. (iii) Three types of
forces act on the particles, i.e., gravity as the driving
force for granular flow, repulsive force between particles
as the excluded volume effect, and drag force due to the
FIG. 1. Schematic image of simple particle model. The
x-y plane is parallel to the slope with the incline angle of θ
(x: inclination direction, y: lateral direction). The z-axis is
perpendicular to the slope.
ambient fluid. Figure 1 shows the schematic image of
this model, where θ is the incline angle, x-axis is the
inclination direction, y-axis is the lateral direction, and
z-axis is perpendicular to the slope.
B. Numerical modeling
To derive the governing equation for the particles, we
formulate the force acting on the ith particle Fi = F
g
i +
F ri + F
d
i , where F
g
i is gravity, F
r
i is the repulsive force
between particles, and F di is the drag force due to the
ambient fluid. Hereinafter, the radius, coordinate, and
velocity of the ith particle are denoted by ai, ri, and vi,
respectively, and the true density of particles is denoted
by ρp.
Gravity F g: The gravity in the vertical direction of the
ith particle F gi is calculated by considering the density
difference between the particle and fluid; subsequently,
it is divided into x and z components depending on the
incline angle θ, as follows:
F gi = F
g
i
 − sin θ0
cos θ
 = F gi eθ, (1a)
F gi = −Vig(ρp − ρf), (1b)
Vi =
4
3
pia3i , (1c)
where eθ is the vector, Vi is the volume of the ith particle,
g is the gravitational acceleration, and ρf is the density
of the fluid.
Repulsive force F r: Because the rotational motion of
the particles is ignored, only the normal force of collision
between the ith and jth particles is calculated as the
repulsive force of the ith particle F ri (and F
r
j ), which is
represented by the elastic spring force F ri as follows:
F ri = F
r
i
rj − ri
rij
= F ri nij , (2a)
F ri = −knδij , (2b)
δij =
{
ai + aj − rij (rij ≤ ai + aj : contact)
0 (rij > ai + aj : non-contact).
(2c)
3Here, rij = |rj − ri| is the interparticle distance and
nij is the unit vector joining the centers of two particles.
Further, kn is the linear spring constant and δij is the
overlap between two particles. We calculate the collision
between the particles and the slope using Eq. (2).
Drag force F d: To estimate the exact drag force acting
on the particles such as the air drag, the computational
fluid dynamics of the interacting particles are required.
In this modeling, we prioritize the qualitative reproduc-
tion of drag force over the realistic one. Concretely,
the ambient fluid is assumed to be Stokes flow (i.e., low
Reynolds number Re  1), although the particle iner-
tia is not negligible and the turbulent eddy occurs in
the actual granular flow. The Stokes flow containing two
spherical particles can be solved theoretically when a suf-
ficient distance exists between two particles. The exact
solution is known as the Rotne–Prager tensor J(r) [34].
Using this tensor, we express the interparticle interaction
through the ambient fluid, that is, the drag force of the
ith particle F di is generated by the force acting on the
jth particle F g+rj = F
g
j + F
r
j , as follows:
F di = 6piµaiui(j), (3a)
ui(j) =
1
8piµ
J(r = ri − rj) · F g+rj , (3b)
J(r) =
1
rji
[
I +
rr
r2ji
+
2
3
(
aj
rji
)2(
I − 3rr
r2ji
)]
. (3c)
In these equations, µ is the viscosity coefficient of the
fluid, ui(j) is the induced velocity by the jth particle
at the coordinate of the ith particle (Fig. 2), and I is
the unit tensor. Particularly, rr in Eq. (3c) denotes the
tensor corresponding to I: for instance, rrxy = (xi −
xj)(yi − yj).
According to the assumption for the drag force (i.e.,
Stokes flow), we derive the governing equation for the
ith particle from Stokes’ drag, as follows:
vi =
Fi
6piµai
=
F g+ri
6piµai
+
N∑
j 6=i
ui(j), (4a)
dri
dt
= vi, (4b)
where N is the number of particles. In Eq. (4a), the
second term indicates the long-range interaction between
particles through the ambient fluid, which resembles the
asymmetric potential (Fig. 2).
C. Simulation setup
The numerical modeling for the low-density granu-
lar flow was performed in a three-dimensional space, as
shown in Fig. 1; however, we used the time complexity
of O(N2) in our model to calculate the drag force F di
in Eq. (3). The repulsive force F ri in Eq. (2) addition-
ally requires a small timestep dt used in the numerical
FIG. 2. Induced velocity field u(j) generated by gravity
and repulsive force of the jth particle, F g+rj , using Eq. (3b).
According to the force direction, the ambient fluid is pushed
and pulled as shown by arrows. The induced velocity at the
ith particle is expressed as ui(j).
simulation. Hence, this model is unsuitable for the cal-
culation with a large number of particles. In this study,
the number of particles is set as N = 2000; subsequently,
numerical simulations were conducted in two different
types of two-dimensional spaces (i.e., monolayer); The
x–y plane is parallel to the slope, while the x–z plane is
perpendicular to the slope.
Figure 3 shows three different types of initial condi-
tions for the particles in the x–y and x–z planes: (a)
circular shape, (b) rectangular shape, and (c) triangular
shape. Here, the incline angle is fixed as θ = 45◦. These
shapes are determined by reference to previous experi-
ments with polystyrene particles [22], although the size
is small in comparison to Ref. [22] because of the small
N . The circle radius R, rectangle width W , and triangle
depth D are set as constant values depending on the par-
ticle size used in the simulations, as will be shown later.
Particularly, in the case of Fig. 3(b), the rectangle length
in the x direction is fixed as 10 particles. In each shape,
2000 particles are packed randomly without an overlap.
Regarding the specific materials of the particle and
fluid, we assume that the granular flow consists of low-
density particles such as polystyrene in air, to compare
qualitatively with the experiments [22]. The particle den-
sity and linear spring constant for the repulsive force
are given as ρp = 20 kg m
−3 and kn = 10 N m−1,
respectively, whereas the density and viscosity coeffi-
cient of the fluid are given as ρf = 1.2 kg m
−3 and
µ = 1.82× 10−5 Pa s, respectively. It is noteworthy that
the value of kn is confirmed, and that the excluded vol-
ume effect performs well. As the control parameter, we
varied only the particle radius: ap = 1, 2.5, and 5 mm
(three types). To avoid the crystallization of particles,
particles with a polydispersity of ±5 % were used in sim-
ulations.
The sizes of the initial shapes R, W, and D, as
shown in Fig. 3 were determined depending on ap =
1, 2.5, and 5 mm: R = 0.065, 0.17, and 0.34 m, W =
0.35, 0.85, and 1.7 m, and D = 0.115, 0.3, and 0.6 m.
These sizes normalized by ap are R˜ = 65-68, W˜ =
340-350, and D˜ = 115-120, respectively. Further, the
particle volume fraction is approximately 0.5. We per-
formed 20 simulations at each initial condition and each
4FIG. 3. Three different types of initial conditions for particles in two-dimensional planes are as follows: (a) circle in x–y plane,
(b) rectangle in x–y plane, and (c) triangle in x–z plane. The x–y plane is parallel to the slope, whereas the x–z plane is the
vertical cross-section on the slope, where θ = 45◦ is the incline angle. In each initial condition, the circle radius R, rectangle
width W , and triangle depth D are as constant values depending on the particle size, such that the particle volume fraction
Φp of 2000 particles is approximately 0.5.
FIG. 4. Time evolution of single head formation with ap
= 5 mm in circular setup: (a) t = 0 s, (b) t = 10−3 s, (c)
t = 2.45× 10−3 s, and (d) t = 5× 10−3 s.
particle radius.
III. RESULTS
A. Circular shape in x–y plane
The typical time evolutions of the granular flow in the
circular shape are shown in Fig. 4. Here, the particle ra-
dius is ap = 5 mm. In the early stage of the simulations,
the particle located at the central part of the circle mi-
grates rapidly to the moving front of the granular flow as
time progresses. Consequently, the initial uniform distri-
bution of particles is shifted to the local distribution at
the moving front of the granular flow (Figs. 4(a) and (b)).
This pattern of particle aggregation appears to be a single
head resembling a crescentic form, similar to the pattern
of a low-density granular flow [20, 22]. After the head
formation, the particle is moved away gradually from
the aggregation part; subsequently, the head shrinks with
time (Figs. 4(c) and (d)). This head-formation process
is also confirmed in the other particle radiuses, although
the time required for the head formation is different.
To verify the key factor for the head formation, we
performed the simulation without the drag force. In this
case, the initial pattern was maintained because the basal
friction and particle inertia were ignored in our model.
Therefore, the drag force generated the long-range in-
teraction between particles through the ambient fluid as
the induced velocity ui(j) in Eq. (3), which is essential to
form the head. The reason for the head formation owing
to the induced velocity is clear. In the initial stage of
the simulations (Fig. 4(a)), the induced velocity is high
at the central part because it is inversely proportional
to the interparticle distance. Hence, particle aggregation
occurred at the moving front of the granular flow and the
aggregation part migrates at a faster speed.
For the migration speed of the granular flow, we mea-
sure the front speed in the x direction vf according to the
displacement of the forefront of the granular flow. In our
model, the speed of a single particle in the x direction vs
depends significantly on the particle radius ap, as follows:
vs =
2
9
g(ρp − ρf) sin θ
µ
a2p. (5)
Consequently, the frontal speed is normalized by the
single-particle speed as v˜f = vf/vs. Because vs increases
with ap, the smaller time step dt is required for the cal-
culation of repulsive force in the larger ap. Numerical
simulations continue until the granular flow reaches the
state shown in Fig. 4(d): tend = 20, 10, and 5 ms (ap =
1, 2.5, and 5 mm).
5FIG. 5. Temporal variations of particle velocity in circular
setup: (a) normalized frontal speed of single head v˜f at differ-
ent particle radiuses ap and (b) velocity vector of particles at
the head, as shown in Fig. 4(c). (a) The mean and standard
deviation of 20 simulations are denoted by a solid curve and
thin band, respectively.
Figure 5(a) shows the temporal variations of normal-
ized frontal speeds v˜f(t) measured at different particle
radiuses ap. The solid curve and thin band denote the
mean and standard deviation of 20 simulations, respec-
tively. The standard deviation is small against the mean,
even though the size distribution and initial position of
the particles are changed. In all cases, v˜f increases sig-
nificantly in the early stage and subsequently decreases
gradually with time because of the head shrinkage. Ad-
ditionally, v˜f ranges from 30 to 70 independent of ap,
although the change rate depends on ap. Therefore, the
head size (i.e., number of particles) results in the change
in v˜f (Figs. 4 and 5(a)). The head size is discussed in
detail in Section IV B.
The movements of particles at the head can be visual-
ized by the velocity vectors of the particles (Fig. 5(b)).
This particle location corresponds to that in Fig. 4(c),
that is, t = 2.45 ms and ap = 5 mm. To study the
particle velocity relative to the frontal speed of the gran-
ular flow vf , the x component of the vectors is denoted
by vx − vf , where vx is the x component of the parti-
cle velocity. Consequently, a granular vortex convection
was found at the head and particles away from the head.
Particularly, the particle at the rear of the head moves in-
ward to the forefront of the head, whereas the particle at
the front of the head is pushed outward. Some particles
return to the head again; however, most of the particles
are left behind. Thus, the head shrinks with time.
FIG. 6. Flow instability from straight shape to wavy pattern
with ap = 5 mm in rectangular setup: (a) t = 0 s, (b) t =
10−3 s, and (c) t = 5 × 10−3 s. (c) The blue particle is
the aggregation part detected as a head, according to Eq.
(6). (d) Three normalized frontal speeds vf(t) are shown at
ap = 1, 2.5, and 5 mm. The mean and standard deviation
of 20 simulations are denoted by solid curve and thin band,
respectively.
B. Rectangular shape in x–y plane
The typical time evolutions of granular flow in the rect-
angular shape are shown in Figs. 6(a), (b), and (c). Here,
the particle radius is ap = 5 mm. The simulation time
at each ap is set the same as that in the circular shape:
tend = 20, 10, and 5 ms (ap = 1, 2.5, and 5 mm). In the
early stage of the simulations, the initial straight shape
at the moving front of the granular flow is maintained,
although the particle moves forward slowly to the front
by the long-range interaction between the particles due to
the drag force. Subsequently, the straight shape with par-
ticle aggregation deforms into a wavy pattern (Fig. 6(b)),
that is, flow instability occurs. This destabilization of the
moving front is caused by the inhomogeneous distribu-
tion of the size and coordinate in the initial condition of
the particles (Fig. 6(a)). Because the aggregation part is
faster than the other parts, the wavy pattern elongates in
a downward direction. Eventually, the multihead struc-
ture is formed from the straight shape (Fig. 6(c)).
Figure 6(d) shows the front speed in the x direction
normalized by the single-particle speed, v˜f , at each par-
6FIG. 7. Formation of head–tail structure with ap = 5 mm
in triangular setup: (a) t = 0 s, (b) t = 2 × 10−3 s, and (c)
t = 5×10−3 s. (b) The gray scale denotes the x component of
the particle velocity. The white particles are slower compared
to the frontal speed vf , whereas the gray particles are faster
compared to vf . Here, vf is calculated from the particle on the
slope (i.e., first layer). (d) Three normalized frontal speeds
vf(t) are shown at ap = 1, 2.5, and 5 mm. The mean and
standard deviation of 20 simulations are denoted by a solid
curve and thin band, respectively.
ticle radius ap. The mean and standard deviation of 20
simulations are denoted by the solid curve and thin band,
respectively. In all cases, v˜f decreases gradually in the
early stage; subsequently, the decreasing rate of v˜f tends
to be relatively high. Additionally, v˜f ranges from 20
to 28 independent of ap, and the multihead structure is
confirmed at the end of each simulation (Fig. 6(c)). The
formed pattern (number of heads, head size) is different
depending on the initial condition; however, the wave-
length reproducibility is good. This point is discussed in
detail in Section IV B.
In Fig. 6(d), the rate of decrease in v˜f is linked with
the flow pattern, as shown in Figs. 6(a), (b), and (c). For
example, during the deformation from the straight shape
(Fig. 6(a)) to the wavy pattern (Fig. 6(b)), the number
of particles constituting the aggregation part is nearly
unchanged. Thus, v˜f is maintained in the early stage
of the simulations. Meanwhile, the number of particles
decreases locally with the elongation of heads from the
wavy pattern. Consequently, v˜f decreases at a relatively
high rate since the middle stage of the simulations.
C. Triangular shape in x–z plane
The typical time evolutions of the granular flow in
the triangular shape are shown in Figs. 7(a), (b), and
(c). Here, the incline angle and particle radius are
θ = 45◦ and ap = 5 mm, respectively. The simulation
time at each ap is set as tend = 20, 10, and 5 ms (ap =
1, 2.5, and 5 mm). Because the particles are up in the air
initially (Fig. 7(a)), they immediately accumulate near
the slope according to the gravity. Subsequently, a large-
scale cluster consisting of particles emerges from the ac-
cumulation, and moves down a slope at a high speed
(Fig. 7(b)). This pattern appears to be the head–tail
structure, where the thickness in the z direction of the
front part is more than twice that of the rear part. This
profile is similar to the flow height of the experiments
with ping-pong balls [19]. After the head–tail structure
is formed, the head shrinks with time (Fig. 7(c)).
In the x–z plane, the front speed in the x direction vf
is measured according to the displacement of the fore-
front particle on the slope (i.e., first layer). Figure 7(d)
shows the normalized front speed v˜f = vf/vs at different
particle radiuses ap. The solid curve and thin band de-
note the mean and standard deviation of 20 simulations,
respectively. In each case, v˜f increases significantly with
the cluster formation in the early stage; subsequently, v˜f
decreases with time because of the head shrinkage. The
standard deviation is negligibly small after the head–tail
structure is formed; this implies that the identical struc-
ture is formed independently of the initial condition.
To verify the particle movement in the head–tail struc-
ture, we focus on the x component of the particle veloc-
ity. In Fig. 7(b), the white particle is slower compared
to the front speed vf , whereas the gray particle is faster
compared to vf . The particle speed at the front part of
the granular flow exceeds vf except the upper part of the
head, whereas that at the rear part (i.e., tail) is smaller
than vf . Therefore, the particle moves from the upper
part of the head to the tail. These particle movements
lead to the head shrinkage.
IV. DISCUSSIONS
A. Definition of head in x–y plane
As mentioned in Sections III A and III B, the front
speed of the granular flow relates to the head size. The
multihead structure is formed from the straight shape in
the x–y plane, which is parallel to the slope. Hereinafter,
we define the head based on the particle number density
to discuss the temporal variation of the head size and the
size distribution of the head.
Our idea is to detect the particle of relatively high
particle number density from the flow pattern, as shown
in Fig. 8. As a simple index, we count two different types
of numbers around the ith particle, ni and n´i, as follows:
7FIG. 8. Examples of head in x–y plane defined according to
Eq. (6): (a) n, (b) and (c) n´. The blue and green particles
constitute a head at the front of the granular flow in which
four green particles are selected as targets to measure the
width wh and layer thickness lh of the head.
ni =
N∑
rij<4ap
1, (6a)
n´i =
N∑
rij<4ap
nj , (6b)
where rij is the interparticle distance between the ith
and jth particles. Here, the n of Eq. (6a) is the num-
ber of particles within two particles (= 4ap), whereas
n´ indicates the number of indirect neighbors through n.
In other words, n´ yields the quasi-local particle number
density.
According to the value of n or n´, the particle consti-
tuting the head is detected, as shown in Figs. 8(a) and
(b). The procedure for n (or, n´) is described below. The
value of n depends on the aggregation size (i.e., head);
hence, we set the criterion for judging the constituent
particle of the head using the maximum value nmax cal-
culated at each aggregation part. If the ith particle sat-
isfies ni/nmax > 1/4, this particle is assumed to be the
constituent of the head. We apply the same procedure to
n´. Figures 8(a) and (b) show the head defined according
to n and n´, respectively. The blue particle satisfies the
criterion above, that is, it is the constituent of the head.
Compared to the n and n´ criteria, the difference is obvi-
ous. The head extends backward along the outside edge
of the granular flow in the case of n (Fig. 8(a)), whereas
the head is at the front of the granular flow in the case of
n´ (Fig. 8(b)). In this study, we adopt the criterion with
n´ as the definition of the head.
To measure the head size, we select four targets
from the constituent particles of the head, as shown in
Fig. 8(c). Two green particles are selected as the outmost
positions in the y direction, and the others are selected
as the forefronts of the outer and inner positions in the
x direction. From these particles, the width and layer
FIG. 9. Variabilities of head size defined in Fig. 8. Here,
w˜h and l˜h are the width and layer thickness of the head nor-
malized by the particle radius ap. (a) Time evolutions of w˜h
and l˜h in circular setup. The mean and standard deviation
of 20 simulations are denoted by a point and an error bar,
respectively. The data are shown at a constant time inter-
val depending on ap: ∆t = 10
−3, 5 × 10−4, and 2.5 × 10−4
s (ap = 1, 2.5, and 5 mm). (b) Probability densities of w˜h
in rectangular setup. Each line is calculated from the final
states of 20 simulations. The dashed black line is a Gaussian
distribution fitting the data of ap = 5 mm. (c) Comparison
of head width with previous experiments [22]. The mean and
standard deviation of (b) are shown. The dashed lines are
linear functions fitting the simulation and experimental data.
thickness of the head, wh and lh, respectively, are mea-
sured (Fig. 8(c)). The temporal variation of the head size
and the head size distribution are explained in the next
Section IV B.
8B. Characteristics of head size in x–y plane
Based on the quasi-local particle number density n´ of
Eq. (6b), we study the temporal variation of the head
size from the granular flow in the circular shape (see Sec-
tion III A). Because the simulation time is different at
each particle radius ap, the width and layer thickness of
the head, wh and lh, respectively, are measured at dif-
ferent time intervals depending on ap: ∆t = 1, 0.5, and
0.25 ms (ap = 1, 2.5, and 5 mm). Hence, the number of
data is fixed as 20 in each simulation. Figure 9(a) shows
the temporal variations of w˜h and l˜h normalized by ap.
The point and error bar denote the mean and standard
deviation of 20 simulations, respectively. Both w˜h and
l˜h decrease with time; the decreasing rate is high in the
early stage of the simulations. This trend is similar to
the normalized frontal speed v˜f of the granular flow, as
shown in Fig. 5(a). Moreover, during the head shrinkage,
the ratio between width and layer thickness is maintained
(w˜h/l˜h = 4) except in the early stage. We found that the
similarity law for the head shape holds in the low-density
granular flow.
Next, we verify the head size distribution on the mul-
tihead structure of rectangular shape (see Section III B).
In this analysis, the head size is measured at the end of
the simulations, where the head elongates downward, as
shown in Fig. 6(c). In Fig. 6(c), the blue particles denote
the constituent of the head and multiple heads are de-
tected. The measurement of layer thickness lh is difficult
in this situation; hence, only the width wh is measured
as the head size. For the number of heads, the mean and
standard deviation of 20 simulations at ap = 1, 2.5, and
5 mm are 17.20 ± 1.69, 13.95 ± 1.94, and 14.85 ± 1.35,
respectively. Figure 9(b) shows the probability density of
the normalized width w˜h. Here, w˜h are distributed sym-
metrically and the distribution shape is independent of
ap. This distribution is fitted well by the Gaussian dis-
tribution indicated by the dashed black line in Fig. 9(b).
Although the fluctuation of w˜h might be caused by the
inhomogeneity of the initial condition, the flow instabil-
ity at the moving front of the granular flow exhibits the
characteristic wavelength.
For the width of the head wh, we compare our result
qualitatively with the previous experimental result using
polystyrene particles [22]. In the paper, flow instability
resembling a wavy pattern was observed, and the frontal
radius was estimated by fitting the circle against each
head (see Table 1 of Ref. [22]). In this study, we assume
that wh corresponds to the diameter of the frontal shape
(i.e., 2×radius) in previous experiments. Figure 9(c)
shows the relationship between particle radius ap and
wh in this study and those of previous experiments. The
point and error bar denote the mean and standard devia-
tion, respectively; particularly, the data in this study are
calculated from the distribution as shown in Fig. 9(b).
Although the measured wh in this study is much smaller
than that in the experiments because of the small number
of particles in a two-dimensional plane, each data are fit-
FIG. 10. Definition and temporal variations of frontal angle
φf in x–z plane (triangular setup). (a) and (b) The green
particle is at the forefront of the granular flow, and the neigh-
bor particle is selected within 3ap and ϕ = 0
◦-180◦. The red
particle selected similarly and the green particle contribute
to φf , whereas the blue particle is excludable. The dashed
black line is drawn by the least-squares method against the
coordinates of the red and green particles. (c) The mean and
standard deviation of 20 simulations are denoted by a point
and error bar, respectively.
ted well by the linear function (dashed line in Fig. 9(c)).
We found that wh is proportional to ap in both cases.
C. Frontal angle in x–z plane
As mentioned in Section III C, the low-density granular
flow is simulated in the x–z plane and the head–tail struc-
ture is formed. The shape of the head was observed from
the side view of the granular flow in previous experiments
with ping-pong balls or polystyrene particles [20, 24, 31].
Particularly, the frontal angle of the head generally ex-
hibits a high elevation angle to the slope that becomes a
constant angle (60◦) according to the kinematic theory
(see Ref. [31]). Hence, we measure the frontal angle of
the head from the flow pattern, as shown in Figs. 7(b)
and (c), to compare with the fact above.
The definition of frontal angle φf is based on the coor-
dinate of the particle located at the surface of the head.
Figure 10(a) shows the typical shape of the head and the
corresponding φf . As the procedure to measure φf , we
first select the forefront particle of the granular flow in the
x direction: green particle in Fig. 10(a). Next, we search
the constituent of the head surface around the green par-
ticle, as shown in Fig. 10(b), where the search range is
three particle radiuses and the search angle against the
slope is ϕ = 0◦-180◦. By repeating this search, the red
particles in Fig. 10(a) are detected. A fitting line is ob-
tained from the coordinates of the green and red particles
using the least-squares method; subsequently, φf is esti-
9mated. It is noteworthy that the blue particles below the
green particle are excluded from the estimation.
Figure 10(c) shows the temporal variation of the
frontal angle φf at each particle radius ap in the trian-
gular shape. The mean and standard deviation of 20
simulations are denoted by the point and error bar, re-
spectively. In the initial condition as shown in Fig. 7(a),
φf is estimated as approximately 90
◦. Subsequently, φf
approaches 60◦ from the larger angle as time progresses,
and the standard deviation of φp decreases with time
in all cases. This convergence angle of 60◦ is consistent
with the frontal angle reported in previous studies [31].
However, φf = 60
◦ in this study resulted in the crys-
tallization of particles in the two-dimensional simulation
(Figs. 7(b) and (c)), although we used particles with a
polydispersity of ±5 % to avoid crystallization. Even
though a three-dimensional simulation was performed,
such a crystallization is to be expected.
D. Nondimensionalization for model
Finally, we discuss the dimensionless parameter to de-
termine the dynamics of the low-density granular flow in
our model. In the discussions thus far, the similar flow
pattern can be found independent of the particle radius
ap (see Section III). Additionally, the head size is well
normalized by ap, as shown in Figs. 9(a) and (b), and
the frontal speed is normalized by the single-particle ve-
locity vs depending on ap, as shown in Figs. 5(a), 6(d),
and 7(d). Therefore, we perform the nondimensionaliza-
tion of the governing equations in Eq. (4). We search the
characteristic length and speed, α and β, respectively,
from Eqs. (1)–(4), as follows:
r˜ =
r
α
, v˜ =
v
β
, t˜ =
t
α/β
, (7)
where r, v, and t are the particle coordinates, particle
velocity, and time, respectively. Here, we use the parti-
cle radius as the characteristic length: α = ap, and we
consider the monodisperse system hereinafter.
Equation (4a) that describes the velocity of the ith
particle vi is rewritten as follows:
v˜i =
1
6pi
F g+ri
µapβ
+
N∑
j 6=i
ui(j)
β
=
F˜ g+ri
6pi
+
N∑
j 6=i
u˜i(j), (8)
where F˜ g+ri = F˜
g
i + F˜
r
i is the sum of the dimension-
less gravity and dimensionless repulsive force of the ith
particle, and u˜i(j) is the dimensionless induced velocity
generated by the jth particle at the coordinate of the ith
particle. Furthermore, u˜i(j) is expressed using Eqs. (3b)
and (3c) as follows:
u˜i(j) =
1
β
1
8piµ
J(r) · F g+rj
=
1
8pi
J(r˜) · F˜ g+rj . (9)
In this equation, because the dimension of the Rotne–
Prager tensor J(r) is the inverse of r, we obtain an equal-
ity: J(r) = J(r˜)/ap. The dimensionless parameter is
gathered into F˜ g+ri in Eqs. (8) and (9).
The dimensionless repulsive force F˜ ri is expressed using
Eq. (2) as follows:
F˜ ri = −
1
µapβ
knδijnij
= −δ˜ijnij (β = kn/µ), (10)
where δ˜ij = δij/ap is the dimensionless overlap between
the ith and jth particles. To reduce the number of vari-
ables, the characteristic speed is given as β = kn/µ. Us-
ing the specific form of β and Eq. (1), the dimensionless
gravity F˜ gi is rewritten as follows:
F˜ gi = −
1
µapβ
Vig(ρg − ρf)eθ
= −γV˜ieθ
(
γ =
g(ρg − ρf)a2p
kn
)
, (11)
where V˜i = Vi/a
3
p is the dimensionless volume of the
ith particle and γ is the dimensionless parameter in our
model.
From the discussions above, we discovered that our
model can be simplified to dimensionless equations with
one dimensionless parameter γ. The physical meaning of
γ is the ratio of gravity divided by the excluded volume
effect between particles, that is, F g/F r determines the
dynamics of the low-density granular flow in our model.
By substituting the values used for the simulations in γ,
we obtain γ = 1.8 × 10−5, 1.2 × 10−4, and 4.6 × 10−4
(ap = 1, 2.5, and 5 mm). Therefore, the numerical data
in this study can be explained in terms of γ  1 (i.e.,
F g  F r).
V. CONCLUSION
In this study, three types of pattern formations for a
low-density granular flow were reproduced qualitatively
using the single particle model: crescent-shaped head,
wavy pattern due to flow instability, and head–tail struc-
ture. This model considered the gravity, repulsive force,
and drag force due to the fluid as forces acting on the
particle, which was the minimum number of factors to
simplify the natural phenomenon with complicated be-
haviors. The frontal speed of the head decreased with
time, and was related positively to the head shrinkage
(or number of constituent particles). Moreover, granu-
lar vortex convection was formed at the head in the x–y
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plane parallel to the slope, whereas the particle moved
from the upper and rear parts of the head to the tail in
the x–z plane perpendicular to the slope. According to
the quasi-local particle number density, the width and
layer thickness of the head were defined as the charac-
teristic head size. The ratio (width/layer thickness) was
maintained (≈ 4) while the head shrunk, and the size
distribution of the width obeyed the Gaussian distribu-
tion. For a comparison with previous experiments re-
garding the low-density granular flow, we found a linear
relationship between the head width and particle radius;
additionally, the frontal angle of the head converged on
60◦. Finally, these results were determined by one di-
mensionless parameter (the ratio of gravity to repulsive
force) through the nondimensionalization performed for
the model. This model is not realistic yet; however, we
believe we pioneered a particle-based approach to eluci-
date the dynamics of low-density granular flow in this
study.
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